INTRODUCTION AND PRELIMINARIES
Some attempts to find Yang-Baxter operators in a systematic way have led to the theory of quantum groups (see [4] ). Many papers in the literature are devoted to the construction of them (see [5, p. 198] ). We adopt the terminology of [5] in giving some relevant examples: the twist, operators on modules over braided bialgebras, and operators on comodules over cobraided bialgebras. The FRT construction showed that any Yang-Baxter operator on a finite dimensional space V can be obtained from a cobraided bialgebra coacting on V. (Other authors might use the term "quasi triangular bialgebras" instead of "braided bialgebras"; see, for example, [4, 7] .) All these constructions have proved of great utility in low-dimensional topology.
We present here a new method to construct self-inverse Yang-Baxter operators. Thus, to every (co)algebra structure on a space we associate an operator. We describe the algebra (respective coalgebra) structures producing the same operator. Yang-Baxter operators associated to algebras are different from those associated to coalgebras except for a special case. We give characterizations for operators which are associated to (co)algebra structures, and construct the structures which produce them. We give an example showing that not all Yang-Baxter operators of order two are produced by our construction.
In some sense the braid condition captures the common piece of information which is encapsulated in the algebra and coalgebra structures: from a Yang-Baxter operator satisfying some additional conditions (see Propositions 4.1 and 4.3) we can construct either an algebra structure or a coalgebra structure.
In a later paper we produced Yang-Baxter operators from (co)algebra structures and triples of parameters, generalizing the construction presented here (see [3] ). Those operators are not self-inverse except for a particular case; so, they can be useful in constructing Jones-type knot invariants.
Throughout this paper k is a field. All tensor products appearing are over k. We use Sweedler's notation in the form a = a a 1 ⊗ a 2 (we make a further simplification omitting the sign in the proof of Proposition 4.3).
Let V be a k-space. We denote
the identity functions. Let T be the twist map
we denote
i) R is invertible; ii) R satisfies the "braid condition":
A YB operator has order two (it is self-inverse) if
In order to check that a k-linear map is a YB operator of order two it suffices to check (1) and (2). Remark 1.3. We call the equation,
the quantum Yang-Baxter equation. The equations (1) and (3) are related as
Some authors (in particular [5] ) call Eq. (1) the Yang-Baxter equation, which gives a reason for the terminology in Definition 1.1. For a more detailed discussion of this equivalence see [6, p. 3316 ].
YB OPERATORS FROM (CO)ALGEBRA STRUCTURES
The following proposition associates a YB operator to an algebra structure:
is a YB operator of order two.
Proof. Obviously ϕ is k-linear. We will check relations (1) and (2) on elements. Let 1 be the unity of our algebra. We make an important observation:
Let us check the braid condition:
It follows that
We now check that ϕ has order two:
Thus, ϕ is a YB operator of order two.
In a dual manner, the next proposition associates a YB operator to a coalgebra structure:
Proof. Obviously ψ is k-linear.
Let us check the braid condition on elements:
The second term and the next to the last term cancel. We observe that
We also have ψ 12 x x 1 ⊗ x 2 ⊗ x 3 = x x 1 ⊗ x 2 ⊗ x 3 Using these observations, we get
Now,
The fourth term and the third last term cancel. Now,
We now check that ψ has order two. We need the formula
Thus, ψ is a YB operator of order 2.
EQUIVALENT (CO)ALGEBRAS
For the rest of this paper, we work with the hypothesis char k = 2. We now define an equivalence relation on (co)algebra structures. Having two non-equivalent (co)algebra structures on a space, we get two different YB operators on that space. Proof. Let A 1 and A * 1 be two algebra structures on
Let us suppose
There are two cases:
i) Let us suppose 1 and 1 are linear dependent. Let α ∈ k × such that 1 = α1 (this includes the case dim k A = 1).
From (4) we get
Thus, the given algebras should be equivalent if they produce the same operator.
ii) If 1 and 1 are linear independent, let 1 1 e 3 be a basis for A.
If (4) holds, in particular, we have
That is,
This is not true since 1 and 1 are linear independent, and char k = 2.
Therefore, our proposition is proved.
Proposition 3.4. Nonequivalent coalgebras give different YB operators.
Proof. Let C ε and C ε be two coalgebra structures. Let ψ = ⊗ ε + ε ⊗ − I 2 and ψ = ⊗ ε + ε ⊗ − I 2 Let us suppose
Therefore,
There are two cases: i) Let us suppose ε = λε with λ ∈ k × (this includes the case dim k C = 1).
From (6) we get
Let c ∈ C such that ε c = 1. Let us evaluate formula (7) at c ⊗ c. We get
Now let d ∈ C such that ε d = 0. Let us evaluate the formula (7) at d ⊗ c.
We
From (8) and (9) we get = λ . Thus, the given coalgebras are equivalent. ii) Let ε and ε be linear independent as elements of C * (the dual of C). Let y ∈ C, such that ε y = 1 and ε y = 0 (obviously, y = 0).
We evaluate the formula (6) at y ⊗ y and get y = − y . Since char k = 2, we get
Thus, (5) holds just for equivalent coalgebras.
The following proposition shows that YB operators associated to algebras are different from those associated to coalgebras except for a special case. For finite dimensional spaces, the structures involved are dual each other (if we think of one of them on the dual space). These structures are "the simplest" (co)algebra structures one can produce once the (co)unities are given.
Proposition 3.5. Let V be a k-space with the basis e e i i∈I . Let us consider the following (co)algebra structures on V :
where u e 1 = e M e e i ⊗ e j = 0 ∀i j ∈ I
and V e ε e where ε e e = 1 ε e e i = 0 e e = e ⊗ e e e i = e ⊗ e i + e i ⊗ e ∀i ∈ I i) If ϕ and ψ are the YB operators associated to the above structures, then ϕ = ψ.
ii) Let ϕ and ψ be YB operators associated to an algebra, respective coalgebra structure on V . If ϕ = ψ, then there exists a basis e e i i∈I in V such that the (co)algebra structures are equivalent with V M e u e (respective V e ε e ).
Proof. i) If
I = we have one-dimensional (co)algebra structures; so, obviously ϕ = ψ. Now, let I = . Let us compute (eventually, using the observation made in Proposition 2.1) ϕ e ⊗ e = e ⊗ e ϕ e ⊗ e i = e i ⊗ e ϕ e i ⊗ e = e ⊗ e i ϕ e i ⊗ e j = e i e j ⊗ e + e ⊗ e i e j − e i ⊗ e j = −e i ⊗ e j
Now,
ψ e ⊗ e = e e ε e e + ε e e e e − e ⊗ e = e ⊗ e + e ⊗ e − e ⊗ e = e ⊗ e ψ e ⊗ e i = e ⊗ eε e e i + ε e e e ⊗ e i + e i ⊗ e − e ⊗ e i = e i ⊗ e ψ e i ⊗ e = e ⊗ e i + e i ⊗ e ε e e + ε e e i e ⊗ e − e i ⊗ e = e ⊗ e i ψ e i ⊗ e j = 0 + 0 − e i ⊗ e j = −e i ⊗ e j Thus, ϕ = ψ.
ii) Let ϕ and ψ be associated to an algebra, respective coalgebra structure on V .
From ϕ = ψ we get
We have two cases:
(a) Let ε 1 = 0; we evaluate (10) at 1 ⊗ 1:
So, (10) cannot hold if ε 1 = 0.
(b) Let ε 1 = 0. We can assume ε 1 = 1; otherwise, we consider an equivalent coalgebra such that ε 1 = 1 (it produces the same ψ).
Let us denote e = 1; so,
Now, let us evaluate (10) at e ⊗ e:
Thus char k = 2 ,
If dim k V = 1, we have already proved ii).
If dim k V > 1, let e e i i∈I be a basis in V such that ε e i = 0 ∀i ∈ I. From (10) we get
= e i ⊗ e + e ⊗ e i = e i ε e + ε e i e
But ε e i = 0; so,
Now, let us evaluate (10) at e i ⊗ e j :
So, M e i ⊗ e j ⊗ e = −e ⊗ M e i ⊗ e j Thus,
From (11), (12), (13), and (14) we conclude that the given structures are equivalent with those in the statement of Proposition 3.5.
Remark 3.6. If V is finite dimensional, the structures in Proposition 3.5 are dual to each other (if we think one of them is on the dual space).
Let e e i i∈I be a basis in V , and e * e i * i∈I be the dual basis in V * .
Let V e ε e be the coalgebra structure given in the previous proposition. The dual algebra has the unity ε e = e * = u e * 1 , and the multiplication is given by M e i * ⊗ e j * e r = e r e i * e r 1 e j * e r 2 = e i * e r e j * e + e i * e e j * e r = 0 M e i * ⊗ e j * e = e i * e e j * e = 0 This is the algebra V * M e * u e * . On the other hand if we start with the algebra structure V M e u e we have a dual coalgebra structure on V * as follows:
ε f = f e so, ε e * = 1 ε e i * = 0 therefore, ε = ε e * e * = i e i * ⊗ e * e i = e * ⊗ e * = e * e * e j * = i e i * ⊗ e j * e i = e * ⊗ e j * + e j * ⊗ e * = e * e j * Thus V * e * ε e * is the dual coalgebra structure on V * .
Remark 3.7. Let V be infinite dimensional with the basis e e i i∈I . We extend e * e * i i∈I to the following basis on V * : e * f j j∈J such that f j e = 0 ∀j ∈ J. Using these bases, the structures in Proposition 3.5 are dual each other (if we think one of them on the dual space).
Starting with V e ε e the dual algebra has the unity ε e = u e * 1 , and the multiplication M f j ⊗ f h e r = e r f j e r 1 f h e r 2 = f j e r f h e + f j e f h e r = 0 M f j ⊗ f h e = f j e f h e = 0 Thus, the dual algebra can be represented as V * M e * u e * (using the basis e * f j j∈J . If we start with the algebra structure V M e u e we have a dual coalgebra structure on V * because of (15) (see [1, pp. 70-75] ). We have the relations f j e i = f j e i e * f j e = f j e * e i = 0 and e * e = e * ∀j ∈ J ∀i ∈ I thus, we get
Let us observe that kV f j kV = f j kV , and a basis in here is e * f j . Let x j ∈ V such that f j x j = 1. It follows easily that f j x j = e * . Now, the dual coalgebra has the counity ε e * , and the comultiplication e * = e * ⊗ e * e = e * ⊗ e * = e * e * f j = e * ⊗ f j e + f j ⊗ f j x j = e * ⊗ f j e + f j ⊗ e * = e * f j Therefore V * e * ε e * is the dual coalgebra.
CHARACTERIZATION OF YB OPERATORS ARISING FROM (CO)ALGEBRAS
In this section, all vector spaces are finite dimensional.
The following proposition gives a characterization of YB operators arising from algebras, and finds an algebra structure which produces such a YB operator.
Proposition 4.1. Let R be a YB operator of order two on V and dim k V = n. The following conditions are equivalent:
II. There exists an algebra structure on V , whose associated YB operator is R.
Proof. We now prove I implies II: R has order two and I.b) imply
Let us denote W = x ⊗ x 0 + x 0 ⊗ x ∀x ∈ ; we have dim k W = n. It follows that
This and I.a) imply
obviously u is a k-linear map. We now show that V χ u is a k-algebra, and R is the associated YB operator.
From (17) and (18), we get
But χ is linear; so,
Similarly, from (16) and (18), we get
Formulas (20) and (21) show that x 0 is the unity of our algebra. From (18), we also get
We now prove the associativity of χ. Let us denote χ v ⊗ w = vw. R satisfies the braid condition
We express this condition in terms of χ and x 0 using formula (22); we also use I.b) and (16) to simplify our work. Actually, the computations are the same as in the proof of Proposition 2.1, and we get
After simplifying terms, we get
But char k = 2 and χ • χ ⊗ I is linear; thus, ab c = a bc Therefore V χ u is a k-algebra, and (from (22)) R is the associated YB operator.
We leave the proof of II implies I for the reader.
Remark 4.2. The algebra structures which produce a YB operator satisfying I.a) and I.b) are equivalent with V M 2x 0 • R + I 2 u x 0 (using the notations in Proposition 3.5).
The following proposition is dual to Proposition 4.1. It is surprising that a new hypothesis about the characteristic of k is required. Proposition 4.3. Let R be a YB operator of order two on V , dim k V = n and char k = 3 The following conditions are equivalent:
II. There exists a coalgebra structure on V , whose associated YB operator is R.
We have
From (24) and (25) we get
Let c ∈ V ε c = 1; we have
We now compute dim k Ker ε ⊗ I + I ⊗ ε .
Thus,
Now, from Dimension Theorem applied to I.a), we get
Formulas (26), (28), and (29) imply
From (27) and (30) we get
We now define a comultiplication on V . Let : V → V ⊗ V be the k-linear map given by
We use formula (31) to check that
Indeed, ∀x y ∈ Ker ε we have
using (30) we also get
We now prove that V ε is a k-coalgebra.
Let us check ε ⊗ I • = I 2 :
Similarly, I ⊗ ε • = I 2 .
We are left to prove the coassociativity of . Let us denote
We already checked
With our new notation (34) becomes
Now, R satisfies the braid condition; let d ∈ Ker ε.
We use formula (36) for the first term, and continue our computations:
Using (36) and reducing terms, we get
Using (36) and reducing terms, we get:
But the braid condition is satisfied; we reduce terms, and get:
We now use the fact that ε d 1 ε d 2 ∈ k and we work with k-linear maps. So, for example
Thus, our equality becomes
But char k = 2, so,
We now compute R 12 R 23 R 12 c ⊗ c ⊗ c :
We now compute R 23 R 12 R 23 c ⊗ c ⊗ c : But char k = 2 3; so,
From (37) and (38), is coassociative. Thus, V ε is a k-coalgebra. We leave the proof of II implies I for the reader. Example 4.7. T is a YB operator of order two not produced by our construction.
Indeed, condition I.a) fails. Let e i i∈I be a basis for V and x = i x i e i y = j y j e j . We have:
T + I x ⊗ y = y ⊗ x + x ⊗ y = i j y j x i e j ⊗ e i + x i y j e i ⊗ e j = i j x i y j e i ⊗ e j + e j ⊗ e i
So, e i ⊗ e j + e j ⊗ e i i ≤ j generates Im T + I . Now, imply α ij = 0 ∀i ≤ j Thus, e i ⊗ e j + e j ⊗ e i i ≤ j form a basis; so, dim k Im T + I = n n + 1 /2. Therefore, T is not associated to any (co)algebra structure.
